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In this paper, we propose a method to generate entangled coherent states between two spatially 
separated atomic Bose-Einstein condensates (BECs) via the technique of the electromagnetically 
induced transparency (EIT). Two strong coupling laser beams and two entangled probe laser beams 
are used to make two distant BECs be in EIT states and to generate an atom-photon entangled 
state between probe lasers and distant BECs. The two BECs are initially in un-entangled product 
coherent states while the probe lasers are initially in an entangled state. Entangled states of two 
distant BECs can be created through performing projective measurements upon the two outgoing 
probe lasers under certain conditions. Concretely, we propose two protocols to show how to generate 
entangled coherent states of the two distant BECs. One is a single-photon scheme in which an 
entangled single-photon state serves the quantum channel to generate entangled distant BECs. The 
other is a multiphoton scheme where an entangled coherent state of the probe lasers is used as the 
quantum channel. Additionally, we also obtain some atom-photon entangled states of particular 
interest such as entangled states between a pair of optical Bell (or quasi-Bell) states and a pair of 
atomic entangled coherent (or quasi-Bell) states. 

PACS numbers: 03.67.Mn; 03.75.Gg; 03.65.Ud; 42.50.Dv 



I. INTRODUCTION 

According to quantum state superposition principle in 
quantum mechanics jjj, a quantum system may exist 
at once in several eigenstates corresponding to different 
eigenvalues of a physical observable. Quantum entan- 
glement is a direct consequence of this principle applied 
to a composite quantum system. An essential feature of 
quantum entanglement is that a measurement performed 
on one part of the composite system determines the state 
of the other, whatever the distance between them, which 
implies the quantum mechanical non- locality 0, 1! EL!. 
Quantum entanglement shared by distant objects is not 
only a key ingredient for the tests of the foundations of 
quantum mechanics, but also a basic resource in achiev- 
ing tasks of quantum communication and quantum com- 
putation 0. The ability to reliably create entanglement 
between spatially separated objects is of particular im- 
portance for the actual implementation of any quantum 
communication protocol and is also a prerequisite for dis- 
tributed quantum computation. 

Atomic ensembles and quantum light fields are promis- 
ing candidates for the realization of quantum comput- 
ing and quantum communication protocols 0], with 
long-lived atomic states constituting quantum registers, 
upon which quantum logic operations can be locally per- 
formed, and light fields providing a means of distributing 
quantum information and entanglement between differ- 
ent nodes in a network of registers. The workability of 
such atom-light networks will depend heavily on the ex- 
tent to which propagating light fields can reliably transfer 
quantum states and/or establish quantum entanglement 



between atoms at different nodes of the network. 

In order to make entanglement a tangible, exploitable 
phenomenon one has to create entangled states of many 
particles, i.e., quantum entanglement on a macroscopic 
scale. So far four-ion, four-photon, five-photon, six-atom, 
and eight-trapped-ion entangled states [1, H, E3, EH EH 
have been demonstrated experimentally. In recent years, 
much attention has also been paid to creating quan- 
tum ent ang lement between macroscopic atomic samples 
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relatively simple experimental realization and robust- 
ness to single particle decoherence. There are several 
proposals to generate quantum entanglement between 
macroscopic atomic ensembles [ll| and to ex plo re its ap- 
plications to quantum communication flo l \ 2 4. I25I Ha] 
and quantum computation [27j. Polzik 13] proposed 
the first proposal to create distant entangled macro- 
scopic atomic ensembles through using free propagat- 
ing Einstein-Podolsky-Rosen-correlated (EPR) light. In 
the proposed scheme the nonlocal correlations transmit- 
ted by the light are mapped onto the atomic ensem- 
bles through atoms completely absorbing the light. A 
similar scheme [3] was suggested to generate entangled 
atomic ensembles by trapping correlated photons in the 
atomic ensembles in terms of the technique of intracav- 
ity electromagnetically induced transparency (EIT) [28| . 
Duan and coworkers [15j | then proposed a more practical 
scheme to produce distant entangled atomic ensembles 
in collective-spin variables by using only strong coher- 
ent light and nonlocal Bell measurements. Shortly, a 
newer method of generating entangled atomic ensembles 
was proposed in Ref. [24j through performing project 
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measurements on the forward-scattered Stokes light from 
two distant atomic ensembles. So far the two schemes of 
creating entangled atomic ensembles proposed in Refs. 
[T5L |2~1 have been successfully demonstrated experimen- 
tally [3, On the aspect of atomic Bose- Einstein 
condensates (BECs) it has been shown that substantial 
many-particle entanglement can be generated directly in 
a two-component weakly interacting^ BEC using the in- 
herent interatomic interactions [UHil and a spinor BEC 
using spin-exchange collision interactions [H, [2(| [H|- 
Based on an effective interaction between two atoms from 
coherent Raman processes, Helmerson and You (23| pro- 
posed a coherent coupling scheme to create massive en- 
tanglement of BEC atoms. Deb and Agarwal [3(3] pro- 
posed a light-Bragg-scattering scheme for entangling two 
spatially separated BECs, in which a common probe light 
stimulates Bragg scattering in the two BECs. The result- 
ing quasiparticles or particles in the two BECs get entan- 
gled due to quantum communication between the BECs 
via the probe beam. As well known, the generation of 
an entangled coherent state [3lJ is one of the most im- 
portant ingredients of quantum information processing 
using coherent states [H, HH, [H, HH, [36| . In a previous 
paper [33] , one of the authors proposed a scheme for the 
generation of atom-photon entangled coherent states in 
the atomic BEC which exploits EIT in three-level atoms 
38]. It has been shown how to create multistate atom- 
photon entangled coherent states when the atom-photon 
system is initially in an uncorrelated product coherent 
state. EIT is a kind of quantum interference effects 
[H, [H, SI| and arises in three-level (or multilevel) 
atomic systems. The phenomenon can be understood as 
a destructive interference of the two pathways to the ex- 
cited level and has been used to demonstrate ultraslow 
light propagation S 43|, EH EE El] > light storage and re- 
vivification in many systems including atomic 




BECs 

In the present paper we propose a method for the gen- 
eration of entangled coherent states of distant atomic 
BECs via the EIT technique and optical projective mea- 
surements. Our method uses a pair of strong coupling 
lasers and a pair of weak probe lasers. The coupling lasers 
are control lasers which are classically treated. The two 
probe lasers are quantized and initially entangled. The 
two pairs of lasers make the two distant BECs be in a EIT 
state. Under certain conditions one can deterministically 
create photon-atom entangled states between two probe 
lasers and two distant BECs. Then entangled states of 
distant BECs can be probabilistically generated through 
performing projective measurements on the two outgoing 
probe lasers. Concretely we will propose two protocols to 
create entangled coherent states of the two distant BECs 
corresponding to different initial entangled states of the 
two probe lasers. 

This paper is organized as follows. In Sec. II, we intro- 
duce the physical system involved in our consideration, 
establish our model, and give an approximate analytic 
solution of the model. In Sec. Ill, based on the analytic 



solution of the model we show how to create entangled 
states between photons and distant atomic BECs. In Sec. 
IV, we show how to create entangled coherent states be- 
tween two distant atomic BECs. We shall conclude our 
paper with discussions and remarks in the last section. 



II. PHYSICAL MODEL AND SOLUTION 

We consider two spatially separated BECs denoted by 
BECi and BEC2, respectively. They consist of the same 
kind of atoms with each atom having mass m. The two 
BECs are connected with each other through a pair of 
entangled laser fields which serve as two probe lasers. 
Other two coupling lasers together with the two probe 
lasers make two BECs be in EIT states (Fig.l). Assume 
that condensed atoms in each BEC have three internal 
states labelled by |2)$, and |3)j with energies En, 
E%i, and (i = 1,2), respectively. The two lower states 
and |3)j are Raman coupled to the upper state |2)j 
via, respectively, a quantized probe-laser field and a clas- 
sical coupling-laser fields of frequencies u>n and uii2 in 
the A-type configuration indicated in Fig. 2. The inter- 
action scheme is shown in Fig. 1. The condensed atoms 
in these internal states are subject to isotropic harmonic 
trapping potentials V^ n (r) for i = 1,2,3 and n = 1,2, 
respectively. Furthermore, the atoms in the two BECs 
interact with each other via elastic two-body collisions 
with the (^-function potentials V^ir — r') = UJj5(r — r') 

where UJj — inh 2 a™ / m with m and a™ , respectively, be- 
ing the atomic mass and the s-wave scattering length. A 
good experimental candidate of this system is the sodium 
atom condensate for which there exist appropriate atomic 
internal levels and external laser fields to form the A-type 
configuration which has been used to demonstrate ultra- 
slow light propagation [421 ] and amplification of light and 
atoms [5y] in atomic BECs. 

The second quantized Hamiltonian to describe the sys- 
tem at zero temperature is given by 



H — ^ f Hp n + HAn 



71=1 



H 



In 



H, 



Cn 



(1) 



where Hau gives the free evolution of the atomic fields, 
Hin describes the dipole interactions between the atomic 
fields and laser fields for each BEC, and Hen represents 
interatomic two-body collision interactions in each BEC. 

The free evolution of the two quantized probe laser 
fields is governed by the Hamiltonian 



i huJ ' 



(2) 



where u> n is the frequency of the n-th probe laser, and a' n 
and a n are the corresponding photon creation and anni- 
hilation operators for the n-th probe laser field, satisfying 
the boson communication relation [a ra ,a^] = 1. 
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FIG. 1: The schematic diagram of creating entangled coherent 
states for two distant BECs via EIT. Two pairs of coupling 
and probe lasers are applied on two BECs, respectively. The 
entangled source produces two entangled probe lasers. After 
leaving two BECs, the two outgoing probe lasers enter Bell 
state analyzer to perform projective measurements. 
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where a| c is the s-wave scattering length of condensed 
atoms in the internal state \i) and a 8 ? that between con- 
densed atoms in the internal states \i) and 





The free atomic Hamiltonian is given by 



Hat, 



E 

i=0 



dx-0]„(x)i/ in ^j n (x), 



- — V 2 + V m (x)+£„ 
2m 



(3) 



where are internal energies for the three internal 
states, ^/>j„(x) and V>]„(x) are the boson annihilation and 
creation operators for the |i)-state atoms at position x 
for the n-th BEC, respectively, they satisfy the stan- 
dard boson commutation relation [tp in (x), -0j m (x')] = 

<5ijA lTO (5(x - x') and [V>i„(x), ip jm (x.')] = 0, and 

[iw>i(x')i = o. 

The atom-laser interactions in the dipole approxima- 
tion can be described by the following Hamiltonian 



H, 



h I dx. 



5„a„v4™( x )V'i™( x ) e 
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+ -fi n V4 n (x)V> 3n (x)e 



i(k2 -X — U2t) 



H.c. 
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where dipole coupling constants are defined by g n = 
/J*2i£in/h and fl n = ^23 E 2n /Ti with fXij denoting a tran- 
sition dipole- matrix element between states \i) and 
£± n = \jTiui n /2toV being the electric field per photon 
for the quantized probe light of frequency oj\ n in a mode 
volume V, and E 2n being the amplitude of the electric 
field for the classical coupling light of frequency u> 2 , k ln 
and \t 2n are wave vectors of correspondent laser fields. 

The interatomic collision Hamiltonian is taken to be 
the following form 



H, 



Cn 
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FIG. 2: Three- level A- type atoms coupled to two laser fields 
with the detunings Ai and A2, respectively. 

For a weakly interacting BEC at zero temperature 
there are no thermally excited atoms and the quantum 
depletion is negligible, the motional state is frozen to 
be approximately the ground state. One may neglect 
all modes except for the condensate mode and approxi- 
mately factorize the atomic field operators as ^„(x) ss 
&in0m(x) where <^j„(x) is a normalized wavefunction for 
the atoms in the BEC in the internal state which is 
given by the ground state of the following Schrodingcr 
equation 



2m 



V 2 + V4„(x)+£, 



^in(x) = hv in <l)i n (x.), (6) 



where fiVi n is the energy of the mode i, and Vi n denotes 
the frequency to the free evolution of the condensate in 
the internal state 

Substituting the single-mode expansions of the atomic 
field operators into Eqs. (J3J5]), we arrive at the following 
approximate Hamiltonian 



H = H 1 + H 2 



(7) 



where the two commutable parts of the Hamiltonian are 
given by 



-h [gi„a n b 2n b ln e- luJlt + g 2 nb 2n b 3n e- luJ2t + H.c 

3 

+ fr ^nbZbln + h Yl X i]nbLbinb} n b 3 n , (8) 
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where the modes a n (n = 1,2) correspond to the two 
probe laser fields, the modes b in (n = 1,2, and i = 1,2, 3) 
to atomic fields in the three internal state, respectively. 
Here g\ n and g 2n denote the laser-atom dipole interac- 
tions. They arc defined by 

9in = 9n J dx^„(x)< ? !)i„(x)e lkl - x , 

92n = ^„ydx^ n (x)</)3n(x)e lk - X . (9) 

And Xi n and Ay„ = 1,2,3) describe interatomic in- 
teractions (s-wave elastic scattering) given by 

47r^ 2 af c f 

Kjn = / dx\(f) in (x)\ in (x) , {i^j), 

m J 

X m = 2 J^L f dx|0 m (x)| 4 . (10) 
m J 

Properly choosing a unitary transformation, we can 
transfer the time-dependent Hamiltonian ([7|) to the fol- 
lowing time-independent Hamiltonian 

H I = H I1 + H I2 , (11) 
where Hj n (n = 1, 2) can take the following form 

Hin = k(A ln - A 2 „)&3„&3n + A ln i>l n b 2n 
-Hlgin^blnhn + g 2n b\ n b^ n + H.C.] 
3 

+n^2 hJllbln + nY^x ijn bl n b in P jn b jn (i2) 

i=l i^Lj 

where A in = v 2n - v ln - uj ln and A 2 „ = v 2n - v Zn - 
uo 2n are the detunings of the corresponding probe and 
coupling laser beams, respectively. 

We consider the situation of the ideal EIT which is 
attained only when the system is at the two-photon res- 
onance with the detuning A = Ai„ = & 2n and the in- 
volved lasers are applied adiabatically. Initially the lasers 
are outside the BEC medium in which all atoms are in 
their ground state, i.e., the internal state |l)j (i = 1,2). 
These condensed atoms are generally in a superposition 
state of the state and the state |3)i when they are in 
EIT. However, when the coupling laser is much stronger 
than the probe laser, atomic population at the intermedi- 
ate level approaches zero while the upper level is unpop- 
ulated when EIT occurs (40| . Hence, when the BECs are 
in EIT states, under the condition of (gi n /g2n) 2 « 1 
the terms which involve b\ n b 2n and b\ n b^, n in the Hamil- 
tonian ([5]) may be neglected, and from the Hamiltonian 
([5]) we can adiabatically eliminate the atomic field oper- 
ators in the internal states |2) and |3) [37|- Then, the 
resulting effective Hamiltonian contains only the atomic 
field operators in internal states |1)„ and the probe field 
operators and have the following simple form 

2 

&*ft = 12 ("n&JA + 2oj n bib n ala n + XJi 2 b 2 n ) , (13) 

n=l 



where we have set b n = Si„, Sjj = b\ n and X n — Ai„ for 
the simplification of notations, and we have also taken 
h = 1 and introduced 

< = (14) 

Obviously, the effective four-mode Hamiltonian (fT3"]) is 
diagonal in the Fock space with the bases defined by 

\n u n 2 ,m 1 ,m 2 ) = ai °f ? ° 2 r j0, 0,0,0), (15) 

which are eigenstates of the effective Hamiltonian with 
the eigenvalues given by the following expression 

2 

En u n2,m u m 2 = 12 N TO i + 2w i"i r "i + A^m^TO; - 1)] , 
i=l 

(16) 

where rij and rrii take non- negative integers. 

It should be mentioned that in most textbooks on EIT 
[40l . l4l| , both the probe and coupling lasers are treated 
classically, the decay of excited states is included in the 
dynamics of the internal states through a set of density- 
matrix equations of the atomic system, the decay pro- 
motes the trapping of the atom into a dark state. Con- 
trary to the usual treatment of EIT, the probe laser is 
quantized in present paper. A limitation of our present 
treatment is that we have ignored the decay rates of var- 
ious levels. However, this ignorance of the decay rates 
is a good approximation for the adiabatic EIT that we 
study in the present paper, since the adiabatic EIT is 
insensitive to any possible decay of the top level [5l| . 

III. GENERATION OF ENTANGLED STATE 
BETWEEN PHOTONS AND DISTANT BECS 

In this section, as one of the key ingredients to cre- 
ate entangled coherent states of the two distant BECs 
we investigate the generation of atom-photon entangled 
state between the two probe laser fields and two distant 
BEC system in terms of analytic solution obtained in the 
previous section. Since there does not exist direct inter- 
action between the two distant BECs under our consider- 
ation, entangled states between them can not be created 
through interaction between two distant BECs if they 
are initially not entangled. However, if the two probe 
laser fields are initially in an entangled state, it is pos- 
sible to create entangled state of the two distant BECs 
through performing appropriate quantum measurements 
upon output state of the two probe laser fields. In some 
sense we can say that entanglement is transferred from 
the two probe laser fields to the two distant BECs. An 
initial entangled state of the two probe laser fields can 
be regarded as a quantum channel to create quantum 
entanglement between the two distant BECs. Once the 
quantum channel is given, one of important steps of cre- 
ating entangled distant BECs is to generate photon-atom 
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entangled state. In order to be specific, we here use an 
entangled single-photon channel to show how to create a 
hybrid entangled state between the two probe laser fields 
and two distant BECs to make preparation for obtaining 
entangled states of distant BECs which will be discussed 
in the next section. 

We assume that the two distant BECs are initially un- 
corrected and they are in a two-mode product coherent 
state \ai,a 2 ) = \a{) ® |a 2 ) = (ai).Dg 2 (a!2)|0, 0) with 
the displacement operators being defined by DtXpii) — 

exp(ai&| — a*bi), while the entangling source produces a 
pair of the probe lasers which is in the entangled single- 
photon state 

\B(9,(p)) =cos0|O,O) +sin6»e iv |l,l). (17) 

Then the joint initial state of the atom-photon system 
is given by 



|$(O)> = |B(0 )V >))®|ai,a a ) 



(18) 



Assume that the lasers are adiabatically applied at the 
time of t = 0, then from Eqs. (|13I18|) it is straightforward 
to show that after an interaction time t the joint state of 
the system will be given by 

|*(t)> = cos0|O,O)®|^ aia2 (i)) 



sin t 



where we have introduced two wave functions for the two 
distant BECs 

\(t>a x aM) = l<M*)>® l<M*)>, 

W ai aM = WcMQWo*®), ( 2 0) 

where the two wave functions of the single BECs are de- 
fined by 

\<t> ai (t)) = exp{-it[^n 6( + \ih bi (n bi - 1)]} |a*), 
|#, 4 (t)) = exp{-^[3^n 6i + X t n bt (h bt ~ 1)]} (a^l) 

In the following we shall see that starting with the 
state given by Eq. (p~9|) , different atom-photon entangled 
states can be obtained at different evolution times of the 
joint system under our consideration through adjusting 
various interaction strengths and the detunings. In order 
to see this, for simplicity we suppose that g\ n = g% n = g, 
lu[ = lu' 2 = lu', Ai = A2 = A, and introduce a scaled 
time t = Xt, then the states of the single BECs given 
by Eq. (l20l) become the following generalized coherent 
states |52l l53l l54j 



t (r)) = e- |Q * |2/2 J2 ^ 



W a M = e- K|2/2 £ e^^=\m t ), (22) 




where two running frequencies 9 rn and f are defined 
by 



(K + l)m, — mf 



[3K + l)m;-m?, (23) 



where we have introduced a real effective interaction pa- 
rameter K defined by 



K = - 



2M! 

AA 



(24) 



which describes an effective interaction induced by three 
adjustable parameters of the involved lasers and two dis- 
tant BECs: the dipole interaction strength g, the inter- 
atomic interaction strength A, and the two-photon detun- 
ing A. The effective interaction parameter K can takes 
positive or negative values which depends on the signs 
of A and A. For an atomic BEC with a positive s-wave 
scattering length, K is positive (negative) when the two- 
photon detuning A is positive (negative). These indicate 
that there is a large space to adjust values of the effective 
interaction parameter K. From Eqs. (fl"§|) to (|2"3"|) we can 
see that the time evolution characteristic of the system 
under our consideration is completely determined by the 
effective interaction parameter. 

These generalized coherent states given by Eq. (|2"2")l 
differ from a conventional Glauber coherent state by an 
extra phase factor appearing in the decomposition of such 
states into a superposition of Fock states. They can al- 
ways be represented as a continuous sum (integral) form 
of Glauber coherent states. And under appropriate pe- 
riodic conditions, they can reduce to discrete superposi- 
tions of coherent states. In order to see this, we express 
states given by Eq. (f2"2"|) as the following integral form 

\<t> ai (r)) = ^ JJ MifttuO^one**) , 

WatW) = ^ fj d&f^X.M*^)' ( 25 ) 

where the two phase functions are introduced with the 
following expressions 



f(<t>i,Q mi ) = exp [i (r0 mi - rrii(j)i)] , 
f(4>i>Km) = ex P [* ( T C, ~ rriifa)] 



(26) 



mi=0 



It should be kept in mind that we want to create en- 
tangled coherent states for two distant BECs what we 
expect. Eq. (|23|) indicates that both the state \4> ai a 2 ( T )) 
and the state |</>^ ia2 (t)) are continuous superposition 
states of two-mode product coherent states. From Eqs. 
(122H26[) we can see that the values of the effective inter- 
action parameter K may seriously affect the form of the 
states given by Eq. (|25[) . Of particular interesting is the 
situation where K takes values of nonzero integers. In 
this case, both 9 mi and 8' m . take integers. Making use 
of Eq. ([22D and Eq. J23]), from Eqs. Q3JJ) and © we 
can see that |$(r + 2tt)) = |$(t)), which implies that 
the time evolution of the joint wavefunction given by Eq. 
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(fT9| is a periodic evolution with respect to the scaled 
time r with the period 2-k. On the other hand, suppose 
that the scaled interaction time r takes its values in the 
following manner 



2 jV 



(27) 



where M and N are mutually prime integers, then we 
can find that 



/(0i,0 mj+ Ar), 



(28) 



which means that the two exponential phase functions in 
the states given by Eq. (|25|) are also periodic functions 
with respect to rtii with the same period N. If r takes its 
values according to Eq. (|27|) . as a fraction of the period, 
then the two states given by Eq. (|25|) become discrete 
superposition states of product coherent states, and they 
can be expressed as follows 



\q> aia2 (t = 2nM/N)) = J] E 



b' aia2 (r = 27TM/N)) = II E < l«i e< " P< >. ( 29 ) 



i= 1 ri — 1 



the running phase is defined by the following expression 



2n 

<Pu = jjrri, (n,= l,2,---,N), (30) 



and different superposition coefficients are given by 



1 A f 2ri r 

Cr < = ]v exp i — W \ m ' lTi ~ MOm i\ 

m i= l ^ 

1 N (2m 
<C- = — E ° XP 1 \™ iri ~ Md 'mA f* • ( 31 ) 



iV 



m i — 1 



iV 



Now it is easy to see that after an interaction time 
t = 2ttM /N with the lasers the joint state given by Eq. 
(fT9l) becomes 



$(t = ^2tt)) = cos(9|0,0)® c ri c r2 \a 1 e i ^,a 2 e i ^) 



N 



N 



ri ,i"2 = l 



N 



(32) 



ri,r 2 = l 



The state given by Eq. |32|) is generally an atom- 
photon entangled state between the two probe laser fields 
and the two distant BECs. It is interesting to note that 
it is a hybrid entangled state in which one subsystem 
(photon) is discrete while another (BEC) is continuous, 
since it exhibits quantum entanglement between two dis- 
tinct degrees of freedom [H3, [H, H3, l58j |. In principle, 
hybrid entangled state can serve as a valuable resource 
in quantum information processing and build up a bridge 
between quantum information protocols of discrete and 
continuous variables. As a specific example of creating 
atom-photon hybrid entangled states, we discuss the case 
of K = 1 . Assume that the probe lasers and the conden- 
sates are initially in the state given by (TT8"]) with 8 = ir/4 
and ip = 0. When K = 1, N = 4, and M = 1, from 
Eqs. (|31[) and (|32p we find that after the interaction 
times t = tt/2 the joint wave function given by Eq. (I32p 
becomes the following hybrid entangled state 



|*(t = tt/2)} - Af[\B(<ir/4,0)) ®\E( ai ,-a 2 )) 

+i|B(-7r/4,0))®|f7(ai,o 2 ))]^33) 



where |£?(±7r/4, 0)) are two optical Bell states defined by 

|B(±7r/4,0)) = -L(|0,0>±|l,l)), (34) 

while \E(oeu±ot2)) are two normalized entangled coher- 
ent states [59| for the two BECs, they are defined by 

\E(a,^)) = ^=(\a,f3) + \ -a, -/?)), (35) 

where the normalized constant is given by 

N a0 = 2 {1 + exp[-2(H 2 + |/3| 2 )]} , (36) 

which gives the normalized constant in Eq. (|33[1 by the 
form Af = (Nap/2) 1 / 2 . When (3 = ±a, the two states 
\E(a±, ±«2)) become quasi-Bell states which will defined 
in the next section. 

Atom-photon entangled states given by Eqs. (|3"2"|) and 
([33)) are important results of the present paper. They 
indicate that we can deterministically generate atom- 
photon entangled states between the two probe lasers 
and the two distant BECs. In particular, we note that 
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the entangled state given by Eq. (|33|) is of three inter- 
esting characters. First of all, the state given by Eq. 
([33| is a hybrid entangled state between atoms and pho- 
tons where atoms and photons are entangled, photons are 
well suited for transmission over long distances and carry 
away information on the state of atoms while atoms have 
the advantage of being more easily stored. Such an en- 
tangled state provides a possibility for a communication 
link in a quantum network. Secondly, the state given 
by Eq. (|53"j) is a type of entangled states between two 
pairs of entangled states where one entangled pair is Bell 
states of photons while the other is entangled coherent 
states of atoms. In particular, when a 2 = ±ai,it is an 
entangled state between a pair of optical Bell states and 
a pair of atomic quasi-Bcll states. The practical develop- 
ment of such kind of entangled states is of importance for 
exploring quantum nonlocality and testing Bell's inequal- 
ity. Thirdly, the state given by Eq. (|33|) is also a hybrid 
entangled state between discrete- variable states and con- 
tinuous variable states, such a kind of entangled states 
may open new ways to carry out quantum information 
processing. In what follows we will observe that these 
atom-photon entangled states in this section produced 
give a supply for the generation of entangled coherent 
states of the two distant BECs which will be investigated 
in the next section. 



IV. GENERATION OF ENTANGLED 
COHERENT STATES FOR DISTANT BECS 

From the discussions of the previous section we can 
see that different atom-photon entangled states between 
the probe lasers and the two distant BECs can be ob- 
tained using different initial entangled states (quantum 
channels) of the probe lasers. In this section we study the 
generation of entangled coherent states of the two distant 
BECs using different quantum channels. Concretely, we 
will propose two schemes to create entangled coherent 
states of the two distant BECs. One is a single-photon 
scheme, the other is a multiphoton scheme. An entan- 
gled single-photon state is used to serve the quantum 
channel in the single-photon protocol while an entangled 
coherent-state acts as the quantum channel in the mul- 
tiphoton scheme. 

A. The entangled single-photon-state scheme 

In this subsection we discuss how to produce entan- 
gled coherent states between two distant BECs using the 
single-photon quantum channel. In this case, the two 
probe lasers are initially in the entangled single-photon 
state \B(9, ip)) given by Eq. (jTTJ) in which there is an one- 
photon state in each probe mode while the two BECs are 
initially in a product coherent state. Then the joint ini- 
tial state of the atom-photon system is given by (|18p . We 
note that at a time t the state of the system under our 
consideration is given by (|I9[) . and it can be expressed 



in terms of optical Bell bases of probe photons as the 
following form 

|$(*)) = ^[|B(7r/4,0))®|^ aiaa (t))+ 

+|£(-7r/4,0))®|^ oiaa (t))_], (37) 

where \B(±n/4, 0)) are two optical Bell states defined by 
Eq. (|34p and we introduce the following superposition 
states of the two BECs 

H> aiaa (t)) ± = cos^|^ ia2 (t))±sin^|^ 1Q2 (t)) ) (38) 

where states \4> aia2 (t)) and \4>' aiCl2 {t)) are defined in Eq. 
([20| . they are not entangled states during the time evo- 
lution of the whole system under our consideration. 

Starting with the state given by Eq. (|3"7| , we can see 
that the superposition states of the two distant BECs 
defined by Eq. can be probabilistically produced 

through performing optical Bell measurements upon the 
outgoing states of the two probe lasers. From the dis- 
cussions of the previous section we can see that both 
\4>aia-i{p)) an d W ai a 2 {t)) are generally superposed coher- 
ent states. Hence, in general the states \tp ai a 2 (t)}+ and 
l^ctic^C^))- are entangled coherent states. In particular, 
when r = 2itM/N with M and N being prime numbers, 
we have the following entangled coherent states 

N 

\^ aia2 (T = 2nM/N)) ± = ]T Ct ir2 \a ie ^)\a 2 e^), 

ri,r 2 =l 

(39) 

where the superposed coefficients are given by 

Cf lT2 — cos 6c ri c r2 ± su\6e lv c ri c' r2 . (40) 

It is interesting to note that the entangled coher- 
ent states given by Eq. ((39)) are higher-dimensional 
entangled coherent states which are superposed states 
of N 2 linearly independent product coherent states 
\aie iv ^)\a 2 e iVr 2) with r t = I, 2, • • • , N and i = 1,2. 
However, from Eqs. (|38M40p we can also see that when the 
two probe lasers are initially not entangled, i.e., 9 = kir 
or 9 = (2k + 1)tt/2 with k being an arbitrary integer, 
the states given by Eqs. (|38|) and (|39|) are not entangled 
states. This means that only when the two probe lasers 
are initially entangled, it is possible to generate entan- 
gled states of the two distant BECs through performing 
optical Bell measurements. In this sense we can say that 
quantum entanglement between the two probe lasers is 
transferred to the two distant BECs through performing 
optical Bell measurements. 

In order to be more specific, let us consider the case 
of K = 1, N = 4, and M = 1. From Eq. (JlgJ) and 
Eq. (f2"9"| we find the atom-photon state is given by Eq. 
([501- Substituting Eq. into Eq. (JHEJ) we arrive at 

the following entangled coherent states between the two 
distant BECs 

|^ iQ2 (t = tt/2)) ± = C ± (e,<p)\\E(ax,-a 2 )) 

+iC T (9,<p)\\E(a 1 ,a 2 )}, (41) 
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where C±(8,tp) = cos ± sin 8e lv , and \\E(a 1 ,±a 2 )) = 
|ai,±a 2 ) + | ± 011,012) are two un-normalized entangled 
coherent states. 

Especially, the state given by Eq. (|4ip indicates that 
for the case of K = 1 if initially the two probe lasers is in 
an optical Bell state given by Eq. (|17p with 9 — ir/4 and 
(p = 0, then after an interaction time r = 7r/2 optical Bell 
measurements upon the two outgoing probe lasers can 
induce the following two-state entangled coherent states 
between the two distant BECs (after normalization) 



IVw 2 ( r = 7r / 2 ))± = \E(ai,Ta 2 )), 



(42) 



where \E(ai,±a 2 )) are entangled coherent states de- 
fined in Eq. (|35p . They are quantum superpositions 
of four macroscopically distinguishable and linearly in- 
dependent coherent states \ai,a 2 ), \oc\,— 012), \ai,—a 2 ), 
and I — ai, ~ 0^2) ■ This means that quantum entanglement 
of the two single photons in the two probe-laser modes 
can induce the probabilistic generation of atomic entan- 
gled coherent states for the two distant BECs through 
projective measurements. 





FIG. 3: The schematic diagram of creating an entangled 
single-photon state given by Eq. (|17p from two-pairs of two- 
mode squeezed vacuum states by using two beam splitters and 
two on-off photon detectors. 

The preparation of the entangled single-photon state 
given by Eq. (|17p and Bell measurements of optical Bell 
states |B(±tt/4, 0)) given by Eq. ([34]) are significant in- 
gredients in the present single-photon scheme. As for 
the prep aration of these optical Bell states, Browne et 
al. [60l l6~fl ] have developed a simple protocol to gen- 
erate the entangled single-photon state given by Eq. 
(fTT)) using only beam splitters and on-off photon de- 
tectors from two pairs of two-mode squeezed vacuum 
states. The setup of the BEST protocol [6(| is indi- 
cated in Fig. 3 which consists of two beam splitters, 
two on-off photon detectors. Modes 1 and 2, modes 
3 and 4 are fed with weak two-mode squeezed vacuum 
states (1 — q 2 )Y> n ^ m q n+m \n, 71)12 ® \ m , m )34, which can be 
approximately expressed as the following un-normalized 
state (up to the order of q 2 ) 

|^ 9 )i234 « 10000) +g(|0011) + 11100)) 

+g 2 (|0022)) + |1111) + 12200)), (43) 



low values of r are easily produced in experiments. For 
instance, two-mode squeezed vacuum states have been 
used to demonstrate experimentally quantum teleporta- 
tion of a coherent state [63 and quantum dense coding 
with continuous variables [63j. In these experiments the 
squeezing parameter takes its values of r ~ 0.35 and 0.23, 
respectively. 

Let Ui(ri,ti) and £7 2 (r 2 ,i 2 ) denote unitary transfor- 
mations of the two beam splitters with transmissivity ti 
and t2, and reflectivity ri and r 2 , which satisfy the rela- 
tion I ri| 2 + \U\ 2 = 1 with i = 1,2. The two beam-splitter 
transformations are given by 

E7i(ri,ii) = t^ ai e- r ^ ai e ria3a U~ a " a3 , 

f7 2 (ri,i 2 ) = t^ e - r >^e r * aia h~/ ia \ (44) 

which produce the output state of the two beam split- 
ters given by Ui(ri, ti)U 2 (r 2 , t 2 ) 1^9)1234 with the follow- 
ing expression 

|00)i 3 x |00) 24 

+9(ri|10)+fl|01))i3 x (r 2 |10> +*5|01»24 
+g(ti|10) - rf |01))ia x (ta|10) - r 2 *|01)) 24 



\q 2 ( \/2r 2 |20) + V2tf\Q2) + 2r 1 < 1 |li; 
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V2rl\20) + V2t* 2 2 \02) + 2r 2 ^|li; 



24 



V2tin\20) - V2tlr*i\02) + (1 - 2|n| 2 )|ll) 



13 



V2t2r 2 \20) - V2t*r* 2 |02) + (1 - 2|r 2 | 2 )|ll) 



24 



-~2 q 



V2t?|20) - V2rf 1 02) - 2tir*|ll) 
\/2t||20) - \/2r* 2 |02) - 2t 2 r*\ll) 



13 



(45) 



In the derivation of Eq. (|45|) we have used the following 
transformation relations for photonic creation operators 
of the incoming fields [64], [65[ 



U 2 



u\ = 



u 



ti -r* 

n t* 



T2 t* 



(46) 



The on-off detectors distinguish between vacuum and 
the presence of any number photons. An ideal on-off 
detection with quantum efficiency ?/ = 1 can be described 
by the positive operator-valued measure (POVM) of each 
detector fl = |0)(0| and D = I — |0)(0|. We consider two 
on-off detectors with the same quantum efficiency 77 by 
the operator [6(1 [67J 



(i = l,2). (47) 



A(»7) = 5^(l-»7) n |n) i Kn|, 



where the parameter q — tanh(r) (0 < g <C 1) is deter- 
mined by the squeezing parameter r. Such states with 



Then the entangled single-photon state of the form de- 
fined by Eq. (|17p can be produced for arbitrary values of 
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the parameters 9 and <p in Eq. (j 1 7[) through the proce- 
dure indicated in Fig. 3 with the following output state 



1234 



Di {rj) D 2 (rj) U x (n , h) U 2 (r 2 , t 2 ) \ 1> q ) 1234 , (48) 



which describes two identical two-mode squeezed states 
are mixed pairwise at unbalanced beam splitters followed 
by the on-off photon detections which are indicated in 
Fig. 3. 

Through length but straightforward calculations, mak- 
ing use of Eqs. J45|) and (J47J) from Eqs. (gSJ and fltSJ we 
can find that 

W1234 = gxi|0011)+ g 2 [x2|Hll)+X3|1012) 

+ X 4|0022)+X5|0121)] ! (49) 

where the five coefficients are given by 

Xi = (rjV+i^r? 2 , 

X2 = [2r 1 r 2 t* 1 t* 2 + 2t 1 t 2 r* 1 r* 2 + (l~2\r 1 \ 2 )(l~2\r 2 \ 2 )}r 1 2 , 
X s = V2[r 1 ^; 2 -r 1 ^r 2 * 2 -r^;(l-2|r 1 | 2 )]r / 2 (2-r / ), 
X5 = V2[r 2 t;tf-t 2 r;rl 2 -rltl(l-2\r 2 \ 2 )]r 1 2 (2-7 1 ), 
Xi - (r* 1 r* 2 -t* 1 t* 2 ) 2 7 1 2 (2- V ). (50) 



After taking trace of the state (|49j) over modes 3 and 
4, we find the reduced density operator of the normalized 
state of modes 1 and 2 to be the following form 

P12 = Pv#)i2(^l+^io(|10)i2<10| 

+Poo(|00)i2<00| + Poi(|01)i 2 (01|, (51) 

where the producing probabilities of the corresponding 
states are given by 



p _ \Xi\ 2 + q 2 \X2\ 2 p 
P/> — ^ l PL' 



g 2 lx 3 | 2 



-Poo — 



9 2 |X4| 2 



P01 = 



q 2 \x 5 f 



(52) 



where we have introduced the symbol 

£ = Ixil 2 + 9 2 (|X2| 2 + |X 3 | 2 + |X4| 2 + |X 5 | 2 ), (53) 
and the expected state \?p} 12 has the following form 

_ Xl|00)l2 +9X2|H)l2 



-9 Z |X2| 



(54) 



which is the entangled single-photon state of the form 
defined by Eq. (|17p . From the expressions of xi and X2 
given by Eq. (|50p we can see that the entangled single- 
photon state by Eq. (|54| is independent of the quantum 
efficiency of the on-off detectors. This means that the 
quantum efficiency of the on-off detectors does not affect 
the fidelity of the prepared state. 

From Eqs. ()5H54j) we can see that the entangled single- 
photon state (fT7|) or ([54]) can be near-deterministically 



In what follows we show that two optical Bell states de- 
fined by Eq. ([34]) can be obtained using above procedure 
through properly choosing parameters of the two beam 
splitters. In order to see this, we choose t 2 ss and r 2 sw 1 
for the second beam splitter, and take q\2 — ±Xi which 
leads to r% s» ±q and t\ « y/l — q 2 for the first beam 
splitter in which q is defined in Eq. (|4"3"]l . In this case, 
the five coefficients given by Eq. (|5"0"]) become 

Xi = ±qr] 2 ,X2 = ±q~ 1 Xi,X4 = q 2 V 2 (2-v), 
X3 = -X5 = TqV^-1 2 V 2 (2-v), (55) 
and the entangled single-photon state \ip) 12 becomes 



(56) 



) 12 = - 7 =(|00) 12 ±|11) 12 ). 



which are two optical Bell states defined in Eq. 
And the success probabilities of the corresponding states 
in Eq. ([52]) become 

9 

Pox 

qH2-r 1 ) 2 

^00 — — — o 9Wr> To> I ' ) 



2 + q 2 {\-Zq 2 )(2-r l ) 2 ' 

2q 2 {l-q 2 ){2~j 1 ) 2 



P 
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produced if P^ 



1, Pi 1 



0, P 



0(1 



0, and Pn 



0. 



2 + g 2 (4-3g 2 )(2-r;) 2 ' 

which indicate that in the weak squeezing regime of 
< q <C 1 we can always find P^~l, P10 ~ 0, P/, « 0, 
and P01 « due to < ry < 1. In fact, from the expres- 
sions of the probabilities given by Eqs. (|57|) we can see 
that the quantum efficiency of the two detectors does not 
seriously affect the success probability of generating op- 
tical Bell states defined in Eq. (|17[) . For instance, when 
q = 0.1 and 77 = 1, we have P/, w 98.98% while when 
q = 0.1 and i) = 0.7, we have w 98.97%. There- 
fore, in the scheme under our consideration optical Bell 
states (|34|) can be produced perfectly with the success 
probability of approaching unity by using two pairs of 
two-mode squeezed vacuum states in the weak squeezing 
regime and on-off detections of photons. 

It is a nontrivial thing to distinguish two optical Bell 
states defined by Eq. (f34|) . which are energy-entangled 
Bell states since they are defined in the energy repre- 
sentation. To our knowledge, there are a few methods 
for Bell measurements of the polarization-entangled Bell 
states and the momentum-entangled Bell states of pho- 
tons [gl, [69[ , but no scheme is available for Bell measure- 
ments of the energy-entangled Bell states of photons. Re- 
cent achievements on cavity QED [70J provide us with the 
possibility of distinguishing energy-entangled Bell states 
of photons. In what follows we show that two optical 
Bell states defined by Eq. (j3~4"|) can be distinguished us- 
ing entanglement in additional auxiliary atomic systems 
through mapping two optical Bell states into two atomic 
Bell states. In order to do this, consider two single-mode 
cavities which are initially fed with one of the two energy- 
entangled Bell states given by Eq. (|34[) . Each cavity 
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contains a two-level atom. Two atoms in two cavities in- 
teract resonantly with two cavity fields with the Hamil- 
tonian 



-a z + u} r ala r 



.0 r 
i-(a r a. 



(58) 



which implies that if the two cavity fields are initially in 
two optical Bell states given by Eq. ([34]) and two atoms 
are initially in the ground state \g, g), then at the time of 
fit = ir, the state of the field-atom system governed by 
Eq. (|58|) becomes 



(59) 



= ^U(m = n)(\Q,0)±\l,l))\g,g) 
= ^=\0,0)(\g,g)±\e,e)), 



where U is the time evolution operator corresponding to 
the Hamiltonian (|58|) . 

From Eq. ([59")) we can see that the discrimination 
of the two optical Bell states given by Eq. (j3~4"|) is 
now changed into distinguishing two atomic Bell states 
(\g,g) ± |e, e))/^/2. Assume that the two atoms in the 
two cavities are initially in the two atomic Bell stats 
(\g,g) ± \e,e))/y/2, applying two classical laser fields to 
the two atoms, it is easy to find that the two atomic Bell 
states with the tt/2 evolution of the system performs the 
following transformations 



1 

71 
i 

71 



(\g,g) + \e,e)) 
(\9,9) ~ |e,e)) 



V2 
1 

71 



(\e,e) + \g,g)) 
(\e,g)-\g,e)), (60) 



which indicate that when both of the two atoms in the 
two cavities are detected to be in the excited state |e, e) 
or the ground state |<7,<7), the atomic Bell state (\g,g) + 
|e,e))/-\/2 is identified. When one atom is detected to 
be in the excited state and another to be in the ground 
state, i.e., \e,g) or \g,e), the atomic Bell state (\g,g) — 
|e,e))/-\/2 is identified. This implies the discrimination 
of the two energy-entangled Bell states of photons given 
by Eq. (HU). 

It is worthwhile to mention that the physical mecha- 
nism of generating atom-atom entangled states between 
two distant BECs in this section is very different from 
that of producing atom-photon entangled states in the 
previous section. There are two key factors to gener- 
ate quantum entanglement between two distant BECs. 
One is that the two probe laser fields must have the ini- 
tial quantum entanglement as indicated in the above dis- 
cussion. In this sense the appearance of the entangle- 
ment of the two distant BECs is the result of entangle- 
ment transferring from the two probe lasers to the two 
distant BECs through performing optical Bell measure- 
ments. The other is that the concrete form of entangled 
coherent states depends upon the parameters of the ap- 
plied lasers and the two BECs and the interaction time. 



It should be mentioned that one drawback of using the 
entangled single-photon state as a quantum channel for 
generating entangled coherent states of distant BECs is 
that it is extremely sensitive to photon loss and detection 
inefficiency. In particular, the completely correlated state 
is destroyed by loss of even a single photon. Other corre- 
lated states may have somewhat less strict requirements. 
In order to overcome this disadvantage in the following 
we will use the entangled coherent-state channel to cre- 
ate entangled coherent states of distant BECs. Because 
entangled coherent states are multiphoton states, they 
are more robust against small levels of photon absorp- 
tion losses. 

B. The entangled coherent-state scheme 

In complete analogy to the above discussion, the en- 
tangled coherent state channel can be used to create en- 
tangled states of distant BECs. In order to see this, we 
assume that the two distant BECs are initially uncorre- 
cted and they are in a two-mode coherent state |ai, a.2) 
while the pair of the probe lasers are initially in the entan- 
gled coherent state \E(0, 0)) + defined by Eq. (f35|) which 
is a quasi-Bell basis. As well known, for a given nonzero 
number there are four linearly independent two-mode 
coherent states \/3,j3), \0,-0), \ -0,0), and | -0,-0). 
They compose four normalized quasi-Bell basis defined 
by 



\qB(0,0))± 
\qB(0,-0)) ± 



= N ± (0)\\qB(0,0)), 
= N±(0)\\qB(0,-0)), 



where the normalization constants N_ 



-1/2 



(0) 



(61) 



2 ± 



2 exp(— 4|/3| 2 ) and four un-normalized quasi-Bell states 
are given by 



\\qB(0,0)) ± 
\\qB(0,-0)) ± 



\0,0)±\-0,-0), 
|/3,-/3)) ±|-/3,/3). 



(62) 



The four normalized quasi-Bell states defined by Eq. 
)TJ are orthogonal to each other except \qB(0, 0)} + and 
\qB(0, — 0))+ which have the following orthogonal rela- 
tion 



.(qB(p,0)\qB(p,-0)). 



1 



cosh(2|/3| 2 )' 



(63) 



which indicates that the two quasi-Bell states \qB(0, 0))+ 
and \qB(0, —0))+ rapidly become orthogonal as 
grows. For example, when \0\ > 2, the overlap 
+ (qB(0,0)\qB(0,-0))+ < 2.2 x HT 7 . 

Obviously, these quasi-Bell basis are a type of special 
entangled coherent states. Since an entangled coherent 
state is a superposition state of all number states of pho- 
tons for the two probe laser modes, the scheme based on 
the entangled coherent-state quantum channel is actu- 
ally a multiphoton protocol. Then the joint initial state 
of the whole atom-photon system is given by 



|*(0)> = 



(\0,0) + \-0,-0))®\a 1)a2 ). (64) 
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Assume that the lasers are applied adiabatically at the 
time of t = 0, then from Eqs. {THD, $ja§ and (JTHJ) it is 
straightforward to show that the joint state of the system 
after the interaction time t becomes a superposition state 
of two wavefunction given by 



!*(*)} = 



1 



Qip Pa (jt)) + \<p-p a (t))), (65) 



where the two wave functions l^i^a (<)) are defined by 



\<P±0a(t)) = J[ \f±0a{t))n, 



n=l 



where we have introduced 

\<P±Pa{t))n = exp(-itH n )\ ± P) n \a r , 



(66) 



(67) 



where H n denotes the effective interaction Hamiltonian 
between nth probe laser and nth BEC (n = 1,2) given 
by 

H n = uj'JIX + 2ui' n bl l b n al l a n + \ n b\fb 2 n . (68) 

In a previous paper [371 ] . it has bee shown that the 
states given by Eq. (|67p are two-mode generalized coher- 
ent states. They can be expressed as continuous super- 
position states of two-mode product coherent states 



where the effective interaction parameter K is defined in 
Eq. (21. 



From Eqs. (|69H71[) we can see that when K takes an 
integer, \<p±p a {T)) n is periodic with the period of 2ir. In 
particular, when the scaled time r takes its values in the 
following manner 



T = — 2tt, 
N ' 



(72) 



where M and N are mutually prime integers, we can find 
the states given by Eq. (p)9"j) become discrete superposi- 
tion states of product coherent states 



N N 



W±p a {T = 2nM/N)) n =JDZ) c ™ \±(3e l ^,a n e^) , 

r—1 s—1 

where the two running phases are defined by 



2tt 2tt , , 

fr = j^r, fs = j^s, {r,s = 1,2,---,A0, (74) 

and the superposition coefficients c rs to be given by 



W±Pa{T))n 



1 



(27T)" Jo 



2tt 



(69) 

where we have set u>[ — ui' 2 , Aj = A 2 = A, and introduce 
a scaled time r = At. The phase function in Eq. (|69l) is 
given by 

f(<f>i,<h) = exp [i (r6»„ im - n^i - m^ 2 )] , (70) 
9 n>m = (1 + K)rn + 2Knm - to 2 , (71) 



1 N f 2ni 

Crs = 772 E cxp I — W t" r + ms ^ M0„, m ] f" ■ (75) 

n,m— 1 ^ 



Then after an interaction time r = 2irM/N with the 
lasers the joint state given by Eq. (JB5) |$(r = 2ttM/N)) 
becomes 



$ r 



M, 
TV' 



-2tt 



E 



E 



c rs c r 



,/3e^') + 1-^,-/36^')] ® |a ie ^,a 2 e^'), (76) 



which is generally an atom-photon entangled coherent 
state between the two probe laser fields and the two dis- 
tant BECs. We note that the state given by Eq. (|76|) can 
be expressed as a superposition state of un-normalized 
two-mode Cat states of the probe laser fields and product 
coherent states of the two distant BECs in the following 
simple form 

N N 

£ E c rs c r/s ,\\C(/3e^,f3e^')) 

r,s— 1 r' ,s' — l 



®\a 1 e i ^,a 2 e i ^'), (77) 

where the un-normalized two-mode Cat states arc defined 
by 

||C(/3e^,^e^')) = |/3e l ^,/3e^') + |-/3e l ^,-/3e^'). 

(78) 

In general, two Cat states defined by Eq. ([78]) are not 
orthogonal with each other. The Cat states appeared in 
the atom-photon entangled state given by Eq. ([77)1 have 
the same amplitudes but different phases, their orthogo- 
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nal relation is given by 



(C(/3e^ , l3e lv -> )| \C((3e lv ° , (3e iv -' )) = 4e" 2|/3 ! 2 cosh 



exp 



r 



2ni 



exp 



2ttz 



(s'-r') 



(79) 



which implies that one can not obtain entangled coherent 
states of the two distant BECs from the atom-photon 
entangled state given by Eq. (|76p through performing 
projective measurements on these Cat states. 

Without loss of generality, but avoiding the lengthy 
calculation relative to the state given by Eq. (|7S|) . as a 
specific example, let us have a look at the case of r = it/2 
with K = — 1, N = 4, and M = 1. In this case, we find 
the joint state of the system given by Eq. (|7S|) becomes 



|<D(t=7t/2)) 



1 



[\qB((3,0)) + ®\\E(a u -a 2 )) 
-i\qB(/3,-P)) + ®\\E(a u a 2 ))4$0) 



where \\E{ai,a 2 )) ^ is an entangled coherent state de- 
fined by 



\\E(ai,a 2 ))- = \ai,a 2 ) 



Oil, —ol 2 ) 



(81) 



which reduces to a quasi-Bell state when a 2 — ±ai. 

From the atom-photon entangled state given by Eq. 
([8H)l we can see that entangled coherent states of the two 
distant BECs can be produced through performing non- 
local Bell measurements on quasi-Bell states of the two 
probe lasers. When the two probe lasers are in quasi-Bell 
states \qB((3, /?))+ and \qB(f3, — /3))+, the two distant 
BECs collapses to entangled coherent states denoted by 
un-normalized entangled coherent states \\E(ai, —a 2 )) 
and \\E(ai,a 2 ))-, respectively. After normalization the 
first entangled coherent state denoted by \E(ai, —at 2 )) is 
the same as that given by Eq. (|4^|) in the single-photon 
protocol. It is interesting to note that the state given by 
Eq. ([73]) is an atom-photon entangled state between a 
pair of optical quasi-Bell states of the two probe lasers 
and a pair of atomic entangled coherent states of the two 
distant BECs. This kind of atom-photon entangled states 
gives a new entanglement resource for quantum networks 
based on the atom-photon quantum interface. 

It should be pointed out that in the entangled 
coherent-state scheme we have to prepare the quasi- 
Bell state \qB((3, /?))+ and to perform Bell measure- 
ments with respect to four quasi-Bell basis represented 
by \qB(P, (3)}± and \qB{f3, —0))±. It is a nontrivial mat- 
ter to prepare a quasi-Bell state. Clancy et al. [36| pro- 
posed a scheme to generate optical quasi-Bell states using 
a single-mode cat state. They indicate that the optical 
quasi-Bell state \qB((3,j3)} can be created by sending a 
cat state of the form | — v2/3) + \y/2/3) and the vacuum 
state into the input ports of a 50:50 beam splitter. Then 



the output ports of the beam splitter will contain entan- 
gled modes of the optical quasi-Bell state. So the prob- 
lem of generating optical quasi-Bell states is reduced to 
the generation of single-mode optical cat states while cat 
states can be created by sending a coherent state into a 
nonlinear medium exhibiting the Kerr effect [7l| . How- 
ell and Yeazell [72| presented an alternative approach to 
the generation of the optical quasi-Bell states. The setup 
considered in Ref. [72] applies a Mach-Zehnder interfer- 
ometer equipped with a cross-Kerr medium in each of 
two spatially separated modes. 

Nonlocal Bell measurements with respect to four opti- 
cal quasi-Bell basis can be accomplished by the scheme 
developed in Refs. [H, [HI with arbitrarily high preci- 
sion using beam splitters, phase shifts, nonlinear Kerr 
medium, coherent light sources, and photodetectors. In 
order to perform a Bell measurement of a optical quasi- 
Bell state, send the two modes labelled by eti, a 2 involved 
in the corresponding quasi-Bell state into a 50:50 beam 
splitter B\ 2 — exp[7r/4(aia2 — ^af)]. Then use photon 
counters to measure the number of photons in each mode. 
A complete Bell measurement of the quasi-Bell state can 
be accomplished through measuring the photon number 
parity, the absence and presence of photons (i.e., zero 
or nonzero photons) in the two modes using on-off pho- 
ton detectors. If an odd (even) number of photons in 
mode ai are detected while zero photons in mode a 2 is 
detected, a Bell measurement with respect to the quasi- 
Bell state \qB((3,(3))+ (\qB{f3,(3))-) is completed. When 
no photon is detected in mode Si while even (odd) num- 
ber of photons in mode a 2 are detected, a Bell measure- 
ment with respect to the quasi-Bell state \qB((3, —/?)) + 
(\qB(/3,-(3))-) is done. 

From the above discussions we can see that Kerr 
medium is required for both preparing and measuring 
the optical quasi-Bell states in all of the above schemes. 
It is a greater challenge to experimentally produce large 
Kerr nonlinearities. Although sufficiently large Kerr 
nonlinearities have been difficult to produce, significant 
progress is being made in this area. In particular, recent 
progress on atomic quantum coherence [42l l5ll l73l [74l. |75| 
indicates that it is possible to prepare Kerr media with 
the giant Kerr nonlinearities through using the EIT tech- 
nology. Paternostro and coworkers [73| proposed a dou- 
ble EIT scheme which can enhance the cross-Kerr effect 
in a dense atomic medium in the EIT regime. Especially, 
it has been proved that the interaction of two travelling 
fields of light in an atomic medium is able to show giant 
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Kerr nonlinearities by means of the so-called cross-phase- 
modulation. Measured values of the x 3 parameter are up 
to six orders of magnitude larger than usual [42| . There- 
fore, our protocol is at the reach of current experiment. 

V. CONCLUDING REMARKS 

In this paper, we have presented a method to gener- 
ate entangled coherent states between two distant BECs 
using EIT techniques. Concretely we have proposed 
two protocols of generating entangled coherent states of 
two distant BECs in terms of involved different quan- 
tum channels. One is the single- photon protocol, an- 
other is the multiphoton one. Two strong coupling laser 
beams and two entangled probe laser beams are used to 
make two distant BECs be in EIT states and to gener- 
ate an atom-photon entangled state between a pair of 
probe lasers and two distant BECs. The atom-photon 
entangled state is a supply of generating entangled co- 
herent states of distant BECs. The concrete form of the 
atom-photon entangled state depends on the parameters 
of applied lasers and BECs, the initial states of the en- 
tangled probe lasers and two BECs, and the interaction 
time. Since what we want is to generate entangled co- 
herent states of two distant BECs, we choose the initial 
states of two BECs are coherent states. The initial en- 
tanglement of the two probe lasers plays a key role in 
the proposed method of generating entangled coherent 
states of two distant BECs. If there is no the initial en- 
tanglement of the two probe lasers, one can not create 
quantum entanglement of the two distant BECs in the 
system under our consideration. In this sense we can 
say entanglement between two probe lasers is transferred 
on two distant BECs via projective measurements. In 
other words, the entangled probe lasers induce the gen- 
eration of entangled distant BECs. The concrete form 
of the initial entangled states of the two probe lasers af- 
fects the forms of the generated atom-photon entangled 
states and projective measurements. An initial entan- 
gled state of the two probe lasers can be considered as a 
quantum channel to create entangled states of two dis- 
tant BECs. Quantum entanglement is transferred from 
the two probe lasers to the two distant BECs through 
performing projective measurements. We have explicitly 
shown how to generate entangled coherent states for the 
two distant BECs in both of the single-photon and multi- 
photon protocols. 

We have also obtained some atom-photon entangled 
states of particular interest between two probe lasers and 



two distant BECs. For instance, in the single-photon 
scheme we have deterministically generated the atom- 
photon entangled state consisting of a pair of optical Bell 
states and a pair of atomic quasi-Bell states for the two 
correlated probe lasers and the two distant BECs. This 
entangled state given by Eq. (|3"3")l is a hybrid entan- 
gled state between discrete-variable states and continu- 
ous variable states, such a kind of hybrid entangled states 
can serve as a valuable resource in quantum information 
processing and build up a bridge between quantum infor- 
mation protocols of discrete and continuous variables. In 
the multi-photon scheme we have deterministically gener- 
ated the atom-photon entangled state consisting of a pair 
of optical quasi-Bell states and a pair of atomic quasi-Bell 
states. These entangled states consisting of optical Bell 
or quasi-Bell states and atomic quasi-Bell states provide 
us with a new resources of entanglement, and may open 
new ways to carry out quantum information processing 
based on the atom-photon quantum interface. 

We have shown how it is possible to prepare entangled 
coherent states of the two distant BECs in both suggested 
protocols. In particular, in the single-photon scheme only 
low two-mode squeezed vacuum states and quadrature- 
phase homodyne measurements are required in the prepa- 
ration and detection of the optical Bell states. These 
make the single-photon protocol experimentally feasible 
at present. In the multiphoton scheme, the hard tasks 
are to prepare and detect an optical entangled coherent 
state. We have seen that both preparing and measur- 
ing an optical entangled coherent state require nonlinear 
Kerr media. EIT has been studied as a method to ob- 
tain giant Kerr nonlinearity. There have been experimen- 
tal reports of indirect and direct measurements of giant 
Kerr nonlinearities utilizing EIT 0, IzH Izl- Although 
this developing technology has not been exactly at hand 
to generate and to detect an optical entangled coherent 
state, it enables the multiphoton protocol at the reach of 
the present-day techniques. The experimental realization 
for the protocols proposed in the present paper deserves 
further investigation. 
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